
Circular Motion

Basic Equations: Tangental Force FT = m aT , Norminal (Radial) Force FN = m aN .

Let l be the arc length travelled, and θ be the angle such arc spans, then l = rθ .

v =
dl

dt
= r

dθ

dt
= rθ̇ . Angular velocity is defined as ω = θ̇ . ∴ v = rω .

aT = v̇ = rω̇ . . . (1)

Projections on x-axis and y-axis:

x = r cos θ

ẋ = −r sin θ · θ̇ ∴ ẋ = −rω sin θ = −v sin θ

ẍ = −r sin θ · ω̇ − rω cos θ · θ̇ ∴ ẍ = −rω̇ sin θ − rω2 cos θ

y = r sin θ

ẏ = r cos θ · θ̇ ∴ ẏ = rω cos θ = v cos θ

ÿ = r cos θ · ω̇ − rω sin θ · θ̇ ∴ ÿ = rω̇ cos θ − rω2 sin θ

Acceleration: Let a be the magnitude of acceleration.

a2 = ẍ2 + ÿ2

= (−rω̇ sin θ − rω2 cos θ)2 + (rω̇ cos θ − rω2 sin θ)2

= r2
[
(ω̇2 sin2 θ + 2ω̇ sin θ · ω2 cos θ + ω4 cos2 θ) + (ω̇2 cos2 θ − 2ω̇ cos θ · ω2 sin θ + ω4 sin2 θ)

]
= r2

[
ω̇2(sin2 θ + cos2 θ) + ω4(sin2 θ + cos2 θ)

]
= r2(ω̇2 + ω4)

∴ a = r
√
ω̇2 + ω4

aT = rω̇ From (1)

a2 = aN
2 + aT

2 , aN
2 = a2 − aT

2 = r2(ω̇2 + ω4)− r2ω̇2 = r2ω4 ,

∴ aN = rω2

As a result,

ẍ = −aT sin θ − aN cos θ

ÿ = aT cos θ − aN sin θ

To obtain the direction of a: tanφ =
ÿ

ẍ
=

aT cos θ − aN sin θ
−aT sin θ − aN cos θ

÷ −aN cos θ
−aN cos θ

=
− aT

aN
+ tan θ

aT

aN
tan θ + 1

∴ tanφ = tan(θ − ψ) , where ψ =
aT

aN

Uniform Circular Motion : v is constant, so is ω . ∴ ω̇ = 0 . Substitute into the general formulae . . .

aT = 0 , a = aN = rω2

ẍ = −rω2 cos θ = −aN cos θ , ÿ = −rω2 sin θ − aN sin θ

Frequency f – the number of revolutions (θ increased by 2π) per second: f =
ω

2π
sec−1

Period T – the time for a revolution: T =
1 sec
f

=
2π
ω

sec

1


